Introducing the Lie algebroid generalized tangent bundle of a KaluzaKlein bundle, we develop the theory of general distinguished linear connections for this space. In particular, using the Lie algebroid generalized tangent bundle of the Kaluza-Klein vector bundle, we present the (g, h)-lift of a curve on the base M and we characterize the horizontal and vertical parallelism of the (g, h)-lift of accelerations with respect to a distinguished linear (ρ, η)-connection. Moreover, we study the torsion, curvature and Ricci tensor field associated to a distinguished linear (ρ, η)-connection and we obtain the identities of Cartan and Bianchi type in the general framework of the Lie algebroid generalized tangent bundle of a Kaluza-Klein bundle. Finally, we introduce the theory of (pseudo) generalized Kaluza-Klein G-spaces and we develop the Einstein equations in this general framework.
Introduction
Recently, Lie algebroids are important issues in physics and mechanics since the extension of Lagrangian and Hamiltonian systems to their entity [11, 13, 19, 27] and catching the poisson structure [20] . Then, Arcuş introduced generalized Lie algebroids as the extension of Lie algebroids and he studied geometrical and physical concepts for these spaces [1, 2, 3, 4] . Indeed a generalized Lie algebroid is a extension of Lie algebroid from one base manifold to a pair of diffeomorphic base manifolds.
The Einstein theory of general relativity and Maxwell theory of electromagnetism was independent developed in the world of physicists. In [12] Kaluza proposed to unify these two theories using a five-dimensional manifold. Kaluza's achievement was possible if the components of the pseudo-Riemannian metric on the five-dimensional manifold does not depend on the fifth coordinate (cylinder condition). Then, Klein [14] added the condition of compactification, namely the space is closed by a very small circle in the direction of the fifth dimension. Therefore, the Kaluza-Klein theory emerged to unify of the Einstein theory of general gravity and Maxwell theory of electromagnetism.
G-spaces are presented and the Einstein equations are developed in this general framework. In particular, using the identities morphisms, the usual KaluzaKlein theory used by Bejancu is obtained, but the difference is that the metrical linear connection used in our paper is distinguished connection.
Preliminaries
Let (F, ν, N ) be a vector bundle, Γ(F, ν, N ) be the set of the sections of it and F (N ) be the smooth real-valued functions on N . Then (Γ(F, ν, N ), +, ·) is a F (N )-module. If (ϕ, ϕ 0 ) is a morphism from (F, ν, N ) to (F ′ , ν ′ , N ′ ) such that ϕ 0 is a isomorphism from N to N ′ , then using the operation
it results that (Γ(F ′ , ν ′ , N ′ ), +, ·) is a F (N )-module and we obtain the modules morphism we can discuss about the category of generalized Lie algebroids.
Remark 2 In the particular case, (η, h) = (Id M , Id M ), we obtain the definition of Lie algebroid.
If we take local coordinates (x i ) and (χĩ) on open sets U ⊂ M and V ⊂ N , respectively, then we have the corresponding local coordinates (x i , y i ) and (χĩ, zĩ) on T M and T N , respectively, where i,ĩ ∈ 1, . . . , m. Moreover, a local basis {t α } of the sections of ν −1 (V ) → V generates local coordinates (χĩ, z α ) on F , where α ∈ 1, . . . , p. If we consider the another local coordinates (
, T N and F , respectively, then we have the following corresponding changes of coordinates
We assume that (θ, µ) = (T h • ρ, h • η). If z α t α is a section of (F, ν, N ), then for any f ∈ F (N ) and κ ∈ N we have 
The local functions ρ 
where Λ α α´ = Λ αά −1 . Also, it is known that the following relation is hold between ρ i α and θĩ α
The Lie algebroid generalized tangent bundle
Let M be a 4-dimensional manifold and K be a 1-dimensional manifold. Considering E = M × K, we introduce the Kaluza-Klein bundle (E, π, M ), where π : E −→ M is the projection map on the first factor. Let (x i ), i ∈ {1, 2, 3, 4}, be a coordinate system on M . Then we can consider a coordinate system (x i , y • ) on E, where y
• is the fibre coordinate. Let
be a change of coordinates on (E, π, M ). Then the coordinate y • change to y
•′ according to the rule:
we have the pull-back bundle (π * (h * F ), π * (h * ν), E). Here we consider the vector bundles morphism
, and {T α } p α=1 be a basis of the sections of the pull-back bundle (π
Using the operation
is a Lie algebroid which is called the pull-back Lie algebroid of the generalized
, then we obtain the section
Now we consider the vector bundle π
where
• are sections of (π * (h * F ) , π * (h * F ) , E) and (V T E, τ E , E), respectively. Moreover, it is easy to see that the sections∂ 1 , . . . ,∂ p ,∂ • are linearly independent. Therefore we can consider the vector subbundle ((ρ, η) T E, (ρ, η) τ E , E) of the vector bundle
π, E , +, · generated by the set of sections The matrix of coordinate transformation on ((ρ, η) T E, (ρ, η) τ E , E) at a change of fibred charts is
Theorem 3
The vector bundle ((ρ, η) T E, (ρ, η) τ E , E) has a Lie algebroid structure.
Proof. We consider the vector bundles morphism (ρ,
Also, we define the bracket
is isomorphic with the usual Lie algebroid
This is a reason for which the Lie algebroid
is called the Lie algebroid generalized tangent bundle.
(ρ, η)-connections
We consider the vector bundles morphism ((ρ, η) π!, Id E ) given by the commutative diagram
Definition 5
The kernel of the tangent (ρ, η)-application is denoted by
and it is called the vertical subbundle.
It is remarkable that ∂
• is a base of the F (E)-module
The fiber bundles morphism (Π, π) defined by the commutative diagram
such that the components of the image of the vector Y∂ (u x ) are the real number Y (u x ) is called the canonical projection fiber bundle morphism.
Proposition 6
The short sequence of vector bundles
such that the vector bundles morphism ((ρ, η) Γ, Id E ) is a split to the left in the above exact sequence, is called (ρ, η)-connection for the Kaluza-Klein bundle (E, π, M ).
In particular case, the (ρ, Id M )-connection is called ρ-connection and it is denoted by ρΓ and in the classical case, the (Id T M , Id M )-connection is called connection and it is denoted by Γ.
, then its components satisfy the law of transformation
In the particular case of Lie algebroids, (η, h) = (Id M , Id M ), the above relation reduce to ρΓ
) which is called the horizontal subbundle and it is denoted by (H (ρ, η) T E, (ρ, η) τ E , E).
We putδ
It is easy to see that {δ α } is a basis for the
which is called the adapted (ρ, η)-base. Moreover, the following equality holds
where δ i ,∂ • is the adapted base for the F (E)-module (Γ (T E, τ E , E) , +, ·).
Theorem 10
The following equalities hold
The base (dz α , δỹ • ) is called the adapted dual (ρ, η)-base.
Distinguished linear (ρ, η)-connections
Let (ρ, η) Γ be a (ρ, η)-connection for the Kaluza-Klein bundle (E, π, M ) and let
q,1 -tensor fields of the generalized tangent bundle
An arbitrarily tensor field T with respect to the adapted (ρ, η)-base δ α ,∂ • is written as
be a covariant (ρ, η)-derivative for the tensor algebra
of the generalized tangent bundle ((ρ, η) T E, (ρ, η) τ E , E) which preserves the horizontal and vertical interior differential systems by parallelism. The real local functions
• , defined by the following equalities:
In the particular case of Lie algebroids, h = Id M = η, we obtain the distinguished linear ρ-connection. The components of a distinguished linear ρ-connection (ρH, ρV ) are denoted by
In addition, if ρ = Id T M , then we obtain the classical distinguished linear connection. The components of a distinguished linear connection (H, V ) are denoted by
, then its components satisfy the change relations:
In the particular case of Lie algebroids, (η,
Also, in the classical case, (ρ, η, h) = (Id T M , Id M , Id M ) , we deduce that the components of a distinguished linear connection (H, V ) satisfy the change relations:
Example 12 The local real functions
are the components of a distinguished linear (ρ, η)-connection for the generalized tangent bundle ((ρ, η) T E, (ρ, η) τ E , E) , which is called the Berwald linear (ρ, η)-connection.
Note that the Berwald linear (Id T M , Id M )-connection is the usual Berwald linear connection.
Theorem 13
If the generalized tangent bundle ((ρ,η)TE,(ρ,η)τ E ,E) is endowed with a distinguished linear (ρ,η)-connection ((ρ, η)H, (ρ, η)V ), then for any
, we obtain the formula:
and
In the particular case of Lie algebroids, (η, h) = (Id M , Id M ) , we obtain
Moreover, in the classical case, (ρ, η, h) = (Id T M , Id M , Id M ), we obtain
In this section we use the Kaluza-Klein bundle such that the fibre K is an 1-dimensional real vector space. Thus we obtain the Kaluza-Klein vector bundle (E, π, M ). Let c : I → M be a differentiable curve. Then
is a vector subbundle of (E, π, M ).
Definition 14 Let
be a differentiable curve. If there exists a manifolds morphism g : E → F such that the following conditions are hold: 1) (g, h) is a vector bundle morphism from (E, π, M ) to (F, ν, N ),
, for any t ∈ I, thenċ is called the (g, h)-lift of the differentiable curve c.
Remark 15
The second condition is equivalent with the following:
is called the canonical section associated to (c,ċ).
such that for any local vector chart (V, t V ) of (F, ν, N ), there exists the real functions
then we say that the (g, h)-liftċ is parallel with respect to the (ρ, η)-connection (ρ, η) Γ.
The lift of accelerations for a differentiable curve
Let Iċ − −− → E | Im(η•h•c) , t −→ y • (t) s • (η • h • c (t)) , be the (g, h)-lift of differentiable curve I c − −− → M.
Definition 19 The differentiable curvec
is called the differentiable (g, h)-lift of accelerations of the differentiable curve c. Moreover, the section
Im (ċ)
u(c,ċ,c)
is called the canonical section associated to the triple (c,ċ,c).
In the adapted (ρ, η)-base δ α ,∂ • , we can rewrite the above equation as follows:
where t ∈ I. It is easy to check that u (c,ċ,c) (ċ (t)) ∈ H (ρ, η) T E | Im(ċ) if and only if the component function y • is solution for the differentiable equations
Definition 20 If the component functions ((g
are solutions for the differentiable system of equations
then the differentiable curveċ is called horizontal parallel with respect to the distinguished linear (ρ, η)-connection ((ρ, η) H, (ρ, η) V ). Also, if the component function y • is a solution for the differentiable system of equations
then the differentiable curveċ is called vertical parallel with respect to the distinguished linear (ρ, η)-connection ((ρ, η) H, (ρ, η) V ).
The (ρ, η, h)-torsion and the (ρ, η, h)-curvature of a distinguished linear (ρ, η)-connection
Let (ρ, η)Γ be a (ρ, η)-connection for the Kaluza-Klein bundle (E, π, M ) and let ((ρ, η)H, (ρ, η)V ) be a distinguished linear (ρ, η)-connection for the Lie algebroid generalized tangent bundle
Definition 21
The application
, is R-bilinear and antisymmetric in the lower indices.
Using the notations
we can prove the following
, is characterized by the tensor fields with local components:
In particular, when (ρ, η, h) = (Id T M , Id M , Id M ), we deduce the following local components of torsion associated to distinguished linear connection (H, V ):
Definition 24 The application
, is R-linear in each argument and antisymmetric in the first two arguments.
Using the notations
we derive the following
, is characterized by the tensor fields with the local components:
In particular, when (ρ, η, h) = (Id T M , Id M , Id M ), we obtain the following local components of the curvature associated to distinguished linear connection (H, V ):
Definition 27 The tensor field
Ric ((ρ, η) H, (ρ, η) V ) = (ρ, η, h) R α β dz α ⊗ dz β + (ρ, η, h) P α • dz α ⊗ δỹ • + (ρ, η, h) P • β δỹ • ⊗ dz β + (ρ, η, h) S • • δỹ • ⊗ δỹ • , is called the Ricci tensor field associated to distinguished linear (ρ, η)-connection ((ρ, η) H, (ρ, η) V ), where (ρ, η, h) R α β = (ρ, η, h) R γ α βγ , (ρ, η, h) P α • = (ρ, η, h) P β α β• , (ρ, η, h) P • β = (ρ, η, h) P • • β• , (ρ, η, h) S • • = (ρ, η, h) S • • •• .
Identities of Cartan and Bianchi type
Using the definition of (ρ, η, h)-curvature associated to the distinguished linear (ρ, η)-connection ((ρ, η) H, (ρ, η) V ), we have the following
Theorem 28
Using the above theorem, we obtain the following formulas of Ricci type:
In particular, if (ρ, η, h) = (Id T M , Id M , id M ) and the Lie bracket [, ] T M is the usual Lie bracket, then the formulas of Ricci type (7) and (8) reduce to
We consider the following 1-forms associated to distinguished linear (ρ, η)-connection
Moreover, we obtain the following torsion 2-forms
Theorem 29 The following identities of Cartan type hold
In particular, if (ρ, η, h) = (Id T M , Id M , Id M ) and the Lie bracket [, ] T M is the usual Lie bracket, then the identities of Cartan type (9) and (10) reduce to
Using the formulas of Bianchi type, Theorem 29 and Remark 30, we obtain the following
Theorem 31
The identities of Bianchi type:
Corollary 32 Using the following sections (δ θ , δ γ , δ β ), we obtain:
Note that using another base of sections, we can obtain new identities of Bianchi type necessary in the applications.
(Pseudo) generalized Kaluza-Klein G-spaces
We consider the following tensor field
If G is symmetric and for any point u x ∈ E, matrice (g αβ (u x )) is nondegenerate and also g •• (u x ) is invertible, then G is called pseudometrical structure.
Moreover, if (g αβ (u x )) and g •• (u x ) have constant signature, then G is called metrical structure.
If α, β ∈ 1, . . . , p, then for any local fiber chart (U, s U ) of (E, π, M ), we consider the real functions y) ) depends only on x, for any u x ∈ π −1 (U ) , then we say that the (pseudo)metrical structure G is is a Riemannian H-(pseudo) metrical structure (respectively, Riemannian V-(pseudo)metrical structure). Moreover, G is called Riemannian (pseudo) metrical structure if it is H-and V-(pseudo) metrical structures.
Definition 33
If there exists a (pseudo) metrical structure
then the Lie algebroid generalized tangent bundle
is called (pseudo) generalized Kaluza-Klein G-space. Moreover, the local real functions (ρ, η)Γ
• α and (ρ, η)R
• αβ are called the electromagnetic potentials and the components of the electromagnetic field, respectively.
One can deduce that the condition (12) is equivalent with the following:
If g αβ|γ =0 and g ••|γ =0, then we will say that the Lie algebroid generalized tangent bundle
is H-(pseudo) generalized Kaluza-Klein G-space. Also, if g αβ | • =0 and g •• | • =0, then we say that the Lie algebroid generalized tangent bundle
Theorem 34 If (ρ, η)H, (ρ, η)V is a distinguished linear (ρ, η)-connection for the Lie algebroid generalized tangent bundle
and G is a (pseudo) metrical structure given by (11) , then the real local functions:
are the components of a distinguished linear (ρ, η)-connection such that the Lie algebroid generalized tangent bundle ((ρ, η)T E, (ρ, η)τ E , E), [, ] (ρ,η)T E , (ρ, Id E ) , becomes (pseudo) generalized Kaluza-Klein G-space.
Corollary 35
In the particular case of Lie algebroids, (η, h) = (Id M , Id M ), then we obtain If the (pseudo) metrical structure G is H-and V-Riemannian, then If the (pseudo)metrical structure G is H-and V-Riemannian, then 
